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Abstract
A connected graph G = (V ,E) is called a quasi-tree, if there exists u0 ∈ V (G) such that G − u0 is a tree.
Denote Q(n, d0) = {G : G is a quasitree graph of order n with G − u0 being a tree and dG(u0) = d0}. In
this paper, we determined the maximal and the second maximal spectral radii of all quasi-tree graphs in the
set Q(n, d0).
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1. Introduction
Let G = (V ,E) be a simple undirected graph with n vertices. For v ∈ V (G), we use NG(v) to
denote the neighbors of v and set dG(v) = |NG(v)|. For a subgraph H of G, let NH(v) = NG(v) ∩
V (H) and dH (v) = |NH(v)| for v ∈ V (G). A pendant vertex of a graph is a vertex of degree 1. We
will use G − x or G − xy to denote the graph that arises from G by deleting the vertex x ∈ V (G)
or the edge xy ∈ E(G). Similarly, G + xy is a graph that arises from G by adding an edge xy /∈
E(G), where x, y ∈ V (G). A connected graph G is called a quasi-tree graph if there exists u0 ∈
V (G) such that G − u0 is a tree. LetQ(n, d0) = {G : G is a quasitree graph of order n with G −
u0 being a tree and dG(u0) = d0}. Then d0  1.
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Let A(G) be the adjacency matrix of a graph G. The spectral radius, ρ(G), of G is the largest
eigenvalue of A(G). When G is connected, A(G) is irreducible and by the Perron–Frobenius
Theorem, the spectral radius is simple and has a unique positive eigenvector. We will refer to such
an eigenvector as the Perron vector of G. Note that the spectral radius increases if we add an edge
to G.
The investigation on the spectral radius of graphs is an important topic in the theory of graph
spectra. Recently, the problem concerning graphs with maximal or minimal spectral radius of a
given class of graphs has been studied extensively (see [1–3,7–13]).
In this paper, we determined the maximal and the second maximal spectral radii of all quasi-tree
graphs in the set Q(n, d0).
2. Lemmas and results
Denote the characteristic polynomial of a graph G by φ(G; x).
Lemma 1 [4,6]. (i) Let u be a vertex of G, and let C(u) be the set of all cycles containing u. Then
φ(G; x) = xφ(G − u; x) −
∑
v∈N(u)
φ(G − v − u; x) − 2
∑
Z∈C(u)
φ(G − V (Z); x).
In particular, if u is a pendant vertex of a graph G and vu ∈ E(G), then
φ(G; x) = xφ(G − u; x) − φ(G − v − u; x).
(ii) Let uv be an edge of G and (uv) be the set of all cycles containing uv. Then
φ(G; x) = φ(G − uv; x) − φ(G − v − u; x) − 2
∑
Z∈(uv)
φ(G − V (Z); x).
Lemma 2 [12]. Let G be a connected graph and ρ(G) be the spectral radius of A(G). Let u, v be
two vertices of G.Supposev1, v2, . . . , vs ∈N(v)\N(u)(1  s  dG(v))andx=(x1, x2, . . . , xn)t
is the Perron vector of A(G), where xi corresponds to the vertex vi(1  i  n). Let G∗ be the
graph obtained from G by deleting the edges vvi and adding the edges uvi, 1  i  s. If xu  xv,
then
ρ(G) < ρ(G∗).
Lemma 3 [9]. Let G1 and G2 be two graphs. If φ(G2; x) > φ(G1; x) for x  ρ(G2), then
ρ(G1) > ρ(G2).
Let S∗n be a graph of order n obtained from a star K1,n−2 by attaching a pendant vertex to one
pendant vertex of K1,n−2, and the center of S∗n is the center of K1,n−2.
Let Qn,d0 be a graph obtained from a star K1,n−2 and an isolated vertex u0 by adding an
edge joining u0 to the center of K1,n−2 and d0 − 1 edges joining u0 to the pendent vertices of
K1,n−2, respectively. Let Q∗n,1 ∼= S∗n , and let Q∗n,d0 (2  d0  n − 2) be a graph obtained from
a graph Qn−1,d0 by attaching an pendant vertex to one vertex of degree 2 in Qn−1,d0 , and let
Q∗n,n−1 be a graph obtained from a graph S∗n−1 and an isolated vertex u0 by adding n − 1 edgesjoiningu0 to each vertex ofS∗n−1. ThenQn,d0 ,Q∗n,d0 ∈ Q(n, d0) andQn,1 ∼= K1,n−1. For example,
Q6,d0 ,Q
∗
6,d0 , d0 = 2, 3, 4, 5 are shown in Figs. 1 and 2, respectively.
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Fig. 1. Four graphs Q6,d0 .
Fig. 2. Four graphs Q∗6,d0 .
Lemma 4. The characteristic polynomials of Qn,d0 ,Q∗n,d0 are the followings:
(i) φ(Qn,d0; x) = xn−4[x4 − (n + d0 − 2)x2 − 2(d0 − 1)x + (n − d0 − 1)(d0 − 1)];
(ii) φ(Q∗n,1; x) = xn−4[x4 − (n − 1)x2 + (n − 3)];
(iii) φ(Q∗n,n−1; x) = xn−5[x5 − (2n − 3)x3 − 2(n − 2)x2 + 3(n − 4)x + 2(n − 4)];
(iv) φ(Q∗n,d0; x) = xn−6[x6 − (n + d0 − 2)x4 − 2(d0 − 1)x3 + (nd0 − d20 − 3)x2 +
2(d0 − 2)x − (n − d0 − 2)(d0 − 2)] for 2  d0  n − 2.
Proof. Note that Qn,d0 − u0 ∼= K1,n−2, and hence by Lemma 1,
φ(Qn,d0; x) = xφ(K1,n−2; x) − xn−2 − (d0 − 1)φ(K1,n−3; x)
− 2(d0 − 1)xn−3 − (d0 − 1)(d0 − 2)xn−4
= xn−4[x4 − (n + d0 − 2)x2 − 2(d0 − 1)x + (n − d0 − 1)(d0 − 1)];
φ(Q∗n,1; x) = xφ(Qn−1,1; x) − φ(Qn−2,1; x)
= xn−4[x4 − (n − 1)x2 + (n − 3)],
φ(Q∗n,n−1; x) = xφ(Qn−1,n−2; x) − φ(Qn−2,1; x) − φ(Qn−2,n−3; x)
−2φ(K1,n−4; x) − 2(n − 4)xn−5
= xn−5[x5 − (2n − 3)x3 − 2(n − 2)x2 + 3(n − 4)x + 2(n − 4)],
φ(Q∗n,d0; x) = xφ(Qn−1,d0; x) − φ(Qn−2,d0−1; x)
= xn−6[x6 − (n + d0 − 2)x4 − 2(d0 − 1)x3 + (nd0 − d20 − 3)x2
+ 2(d0 − 2)x − (n − d0 − 2)(d0 − 2)] for 2  d0  n − 2.
Thus the results hold. 
Theorem 5. Let G ∈ Q(n, d0), n  4. Then
ρ(G)  ρ(Qn,d0)
and equality holds if and only if G ∼= Qn,d0 . Moreover, ρ(Qn,d0) is the largest root of the
equation ρ4 − (n + d0 − 2)ρ2 − 2(d0 − 1)ρ + (n − d0 − 1)(d0 − 1) = 0.
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Proof. We have to prove that if G ∈ Q(n, d0), then ρ(G)  ρ(Qn,d0) with equality only when
G ∼= Qn,d0 .
Choose G ∈ Q(n, d0) such that ρ(G) is as large as possible. Let V (G) = {u0, u1, . . . , un−1},
and x = (x0, x1, . . . , xn−1) be the Perron vector of A(G), where xi corresponds to the vertex
ui(0  i  n − 1). Assume G − u0 is a tree. Denote G′ = G − u0. Choose a vertex u1 ∈ V (G′)
such that dG′(u1) is as large as possible. We first show the following fact.
Fact 1. u1 is adjacent to each vertex of G′ − u1.
Proof of Fact 1. Suppose that u1ui ∈ E(G) for some ui ∈ V (G′) − {u1}. Then n  5. Since
G′ is a tree, there is an unique path connecting u1 and ui in G′. Let u1, u2, u3 be the first
three vertices on the path u1–ui path in G′ (possibly u3 = ui), then u1u2, u2u3 ∈ E(G) and
u1u3 /∈ E(G). On the other hand, dG′(u1)  dG′(u2) by the choice of u1, hence there is at least
a vertex u4 ∈ V (G′) − {u1, u2, u3} such that u2u4 ∈ E(G) and u1u4 ∈ E(G).
If x1  x2, let G∗ = G − u2u3 + u1u3; if x1 < x2, let G∗ = G − u1u4 + u2u4. Then in either
case, G∗ ∈ Q(n, d0), and hence by Lemma 2, ρ(G∗) > ρ(G), a contradiction. Therefore u1ui ∈
E(G) for all ui ∈ V (G′) − {u1}. 
By Fact 1, G′ is a star as G′ being a tree.
Fact 2. u0u1 ∈ E(G).
Proof of Fact 2. Suppose that u0u1 /∈ E(G). Since dG(u0)  1, we may assume, without loss of
generality, that u2u0 ∈ E(G), where u2 ∈ V (G′) − {u1}. By the choice of u1, dG′(u1)  dG′(u2).
Since n  4, there is a vertex u3 ∈ V (G′) − {u1, u2} such that u1u3 ∈ E(G) and u2u3 /∈ E(G) by
Fact 1. If x1  x2, then let G∗ = G − u0u2 + u1u0; if x1 < x2, then let G∗ = G − u1u3 + u3u2.
Then in either case, G∗ ∈ Q(n, d0), and hence by Lemma 2, ρ(G∗) > ρ(G), a contradiction.
Therefore u0u1 ∈ E(G). 
By Facts 1 and 2, we have G ∼= Qn,d0 . Therefore the proof of Theorem 5 is completed. 
Theorem 6. Let G ∈ Q(n, d0)\{Qn,d0}, n  5. Then
ρ(G)  ρ(Q∗n,d0)
and equality holds if and only if G ∼= Q∗n,d0 . Moreover,
(i) ρ(Q∗n,1) is the largest root of the equation x4 − (n − 1)x2 + (n − 3) = 0,
(ii) ρ(Q∗n,d0) (2  d0  n − 2) is the largest root of the equation x6 − (n + d0 − 2)x4 −
2(d0 − 1)x3 + (nd0 − d20 − 3)x2 + 2(d0 − 2)x − (n − d0 − 2)(d0 − 2) = 0,
(iii) ρ(Q∗n,n−1) is the largest root of the equationx5 − (2n − 3)x3 − 2(n − 2)x2 + 3(n − 4)x +
2(n − 4) = 0.
Proof. We have to prove that if G ∈ Q(n, d0)\{Qn,d0}, then ρ(G)  ρ(Q∗n,d0) with equality only
when G ∼= Q∗n,d0 .
Choose G ∈ Q(n, d0)\{Qn,d0} such that ρ(G) is as large as possible. Let V (G) = {u0, u1, . . . ,
un−1}, and let x = (x0, x1, . . . , xn−1) be the Perron vector of A(G), where xi corresponds to the
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vertex ui(0  i  n − 1). Assume, without loss of generality, that G − u0 is a tree. Denote
G′ = G − u0. Choose a vertex u1 ∈ V (G′) such that dG′(u1) is as large as possible. We consider
two cases.
Case 1. G′ is a star.
In this case, u0u1 /∈ E(G) as G ∼=/ Qn,d0 . Then d0  n − 2. If d0 = 1, then G ∼= Q∗n,1, and
hence the result holds. So in the following, we assume that 2  d0  n − 2. By Lemma 1, we
have
φ(G; x) = xφ(G′; x) − d0φ(K1,n−3; x) − d0(d0 − 1)xn−4
= xn−4[x4 − (n + d0 − 2)x2 + d0(n − d0 − 2)].
Thus by Lemma 4(iv), we have
φ(Q∗n,d0; x) − φ(G; x)
= −xn−6[2(d0 − 1)x3 − (2d0 − 3)x2 − 2(d0 − 2)x + (n − d0 − 2)(d0 − 2)].
Let H(x) = 2(d0 − 1)x3 − (2d0 − 3)x2 − 2(d0 − 2)x. Then, for x > 1,
2H(x)
x2
= 12(d0 − 1)x − 2(2d0 − 3) > 12(d0 − 1) − 2(2d0 − 3) = 8d0 − 6 > 0,
and hence H(x)x = (6d0 − 6)x2 − (4d0 − 6)x − (2d0 − 4) > 6(d0 − 1) − (4d0 − 6) − (2d0 −
4) = 4 > 0 for x > 1. Thus
φ(Q∗n,d0; x) − φ(G; x)
< −xn−6
[
6
√
3(d0 − 1) − 3(2d0 − 3) − 2
√
3(d0 − 2) + (n − d0 − 2)(d0 − 2)
]
= −xn−6
[
(4
√
3 − 6)d0 + 9 − 2
√
3 + (n − d0 − 2)(d0 − 2)
]
< 0
for x  ρ(G) >
√
n − 2  √3, and hence by Lemma 3, ρ(G) < ρ(Q∗n,d0).
Case 2. G′ is not a star.
In this case, we first show some facts.
Fact 1. G′ ∼= S∗n−1.
Proof of Fact 1. Since G′ is not a star, there is at least a vertex ui such that u1ui /∈ E(G). We
first show that the distance of u1 and ui is 2 for all ui /∈ NG′(u1). Otherwise, we let u1, u2, u3 be
the first three vertices on the shortest u1–ui path in G′, then u1u2, u2u3 ∈ E(G), u1u3 ∈ E(G)
and ui /= u3. Thus dG′(u3)  2. Then there is a vertex u4 /= u2 such that u1u4 /∈ E(G) and
u3u4 ∈ E(G) by G′ is a tree. By the choice of u1, dG′(u1)  dG′(u3). Thus n  6 and there
is a vertex u5 ∈ NG′(u1)\NG′(u3) and u5 /= u4. If x1  x3, then let G∗ = G − u4u3 + u1u4;
if x1 < x3, then let G∗ = G − u1u5 + u3u5. Then in either case, G∗ ∈ Q(n, d0)\{Qn,d0}, and
hence by Lemma 2, ρ(G∗) > ρ(G), a contradiction. Therefore the distance of u1 and ui is 2 for
all ui /∈ NG′(u1). Since G′ is a tree, there is only one path connecting u1 and ui /∈ NG′(u1), hence
dG′(ui) = 1 for all ui /∈ NG′(u1).
Next we show that there is only one vertex u3 satisfying u1u2, u2u3 ∈ E(G) and u1u3 /∈
E(G) in G′. Otherwise, let u4 ∈ V (G′) − {u3} with u4u5, u5u1 ∈ E(G) and u1u4 /∈ E(G). Then
dG′(u4) = 1 and n  6. Let
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G∗ =
{
G − u4u5 + u4u1 if x1  x5
G − u1u2 + u5u2 if x1 < x5 and u5 /= u2.
Then G∗ ∈ Q(n, d0)\{Qn,d0}, and hence by Lemma 2, ρ(G∗) > ρ(G), a contradiction. So we
can assume x1 < x5 and u5 = u2. Then n  7 and there are at least two vertices u6, u7 ∈
NG′(u1)\NG′(u2) as dG′(u1)  dG′(u2)  3. Let G∗ = G − u1u6 + u5u6. Then G∗ ∈
Q(n, d0)\{Qn,d0}, and hence by Lemma 2, ρ(G∗) > ρ(G), a contradiction. Therefore G′ ∼=
S∗n−1. 
By Fact 1, we let u2 be the only vertex of degree 2 and u3 is the only vertex being nonadjacent
to u1 in G′. Since n  5, there is a vertex u4 ∈ NG′(u1)\{u2}.
Fact 2. u0u1 ∈ E(G).
Proof of Fact 2. If d0 = n − 1, then the fact holds obviously. So we assume that d0  n − 2.
Suppose that u0u1 /∈ E(G). Since dG(u0)  1, there is a vertex uj ∈ V (G′) − {u1} such that
uju0 ∈ E(G). If uj = u2, then there is at least a vertex u5 ∈ NG′(u1)\{u2, u4} as dG′(u1) ≥
dG′(u2)  3. Let
G∗ =
⎧⎨
⎩
G − u0uj + u1u0 if x1  xj ,
G − u1u2 + u2uj if x1 < xj and uj /= u2,
G − u1u4 + u4uj if x1 < xj and uj = u2.
Then G∗ ∈ Q(n, d0)\{Qn,d0}, and hence by Lemma 2, ρ(G∗) > ρ(G), a contradiction. Therefore
u0u1 ∈ E(G). 
Fact 3. If 2  d0  n − 2, then u0u2 ∈ E(G).
Proof of Fact 3. Suppose that u0u2 /∈ E(G). Since dG(u0)  2, there is a vertex uj ∈ V (G′) −
{u1, u2} such that uju0 ∈ E(G). Let
G∗ =
⎧⎨
⎩
G − u0uj + u2uj if x2  xj ,
G − u2u3 + u3uj if x2 < xj and uj /= u3,
G − u1u2 + u1u3 if x2 < xj and uj = u3.
Then in either case, G∗ ∈ Q(n, d0)\{Qn,d0}, and hence by Lemma 2, ρ(G∗) > ρ(G), a con-
tradiction. Therefore u0u2 ∈ E(G). 
Fact 4. If 3  d0  n − 2, then u0u3 /∈ E(G).
Proof of Fact 4. Suppose that u0u3 ∈ E(G). Since 3 ≤ dG(u0)  n − 2, there is an edge e∗ ∈
E(Q∗n,d0) that incident with u0 such that Q
∗
n,d0
− e∗ ∼= G − u0u3. By Lemma 1, we have
φ(Q∗n,d0; x)=φ(Q∗n,d0 − e∗; x) − φ(S∗n−2; x) − 2(x2 − 1)xn−5
−2xn−4 − 2(d0 − 3)(x2 − 1)xn−6
φ(G; x)=φ(G − u0u3; x) − φ(Sn−2; x) − 2φ(Sn−3; x) − 2xn−4 − 2(d0 − 3)xn−5.
Thus
φ(Q∗n,d0; x) − φ(G; x)=−xn−6[2(d0 − 3)x2 + 2(n − d0 − 2)x − (n − 2d0 + 1)]
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<−xn−6[2(d0 − 3) + 2(n − d0 − 2) − (n − 2d0 + 1)]
=−xn−6(n + 2d0 − 11)  0
for x ≥ ρ(G) > √n − 2 > 1 and hence by Lemma 3, ρ(G) < ρ(Q∗n,d0). 
Therefore the proof of Theorem 6 is completed. 
Note that Q(n, 1) is the set of all trees, and hence by Theorem 5, we have the following result.
Corollary 7 [5]. Let T be a tree on n vertices. Then
ρ(T ) 
√
n − 1,
and the equality holds if and only if T ∼= K1,n−1, a star with n vertices.
Note that if we add an edge e to a connected graph G, then ρ(G + e) > ρ(G) as the adjacent
matrix of a connected graph is irreducible. So we have the following result.
Lemma 8. ρ(Qn,d0+1) > ρ(Qn,d0) for 1  d0  n − 2.
By Theorem 5 and Lemma 8, we have the following result.
Theorem 9. Let G be a quasi-tree graph of order n. Then
ρ(G)  ρ(Qn,n−1)
and the equality holds if and only if G ∼= Qn,n−1.
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